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Abstract

A analytic model is presented based on the idea that the diffusion of a new product is
governed by an evolutionary process, characterized by a reinforcing relation between demand
and supply. If the market is heterogeneous, i.e. consumers are very price sensitive, the model
suggests that the diffusion process is determined by Gompertz equation. The cumulative
adoption curve is S-shaped, but unlike logistic models, the Gompertz curve is not symmetric.
The theory require the presence of an economic potential that governs the dynamics of the
evolutionary adjustment process. Four free parameters are necessary to model the time
evolution of the market price, the market penetration and first purchase sales. The application
of Gompertz diffusion model to three empirical investigations on consumer goods in the USA
confirms the intimate relationship between price decline and market penetration.
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1. Introduction

The present paper is based on the idea that the diffusion of an new consumer durable
is governed by an evolutionary process. The dynamics of evolutionary processes as known
form the evolution of species is characterized by three steps:

Differentiation—=> Selection 2 Amplification.

As a result of this process some products succeed and dominate the market, while others
disappear.

Microeconomic considerations suggest that consumer durables can be considered as
consisting of two virtues. First, the product has a specific utility, the main reason for
purchasing the good. Second, it has also an economic value characterized by the market price.
Therefore two extreme diffusion processes may occur: either governed completely by the
utility properties or by the market price.

If the price is irrelevant the market can be viewed as homogeneous. The evolutionary
process can be described by the three steps.

1. Manufacturers take the risk to develop new consumer goods or vary existing products.
The differentiation of the products is the result of the innovative effort of the supply
side of the market.

2. Consumers are free to choose between different goods and decide on their own
individual preferences. The number of adopters increase if purchase decisions occur
repeatedly for a specific product.

3. Because the key property of the good is its utility, the amplification is associated to
the word-of-mouth effect, where previous adopters convince new adopters to purchase
the good.

This adoption process is in the focus of present diffusion research [1]. The adoption process is
governed by the probability that previous adopters ‘“collide” with potential adopters.
Therefore the time evolution of the number of adopters is modelled essentially by the logistic
equation that leads to a symmetric S-shaped market penetration. Well known examples are the
Bass-model [2] or the Fisher —Pry model [3].

The diffusion model presented here, however, focuses completely on the second case,
where the utility is evident and the price governs the purchase decisions. The market can be
considered as heterogeneous and the amplification step of the evolutionary process is a
reinforcing relation between supply and demand. The spontaneous increase of the number of
adopters leads to an increase of the production capacities of the producers and also attracts
new manufacturers. As a result the market price decreases. The number of potential adopters
who are willing to pay the price increases dramatically with a decreasing price which is a
positive feedback to the manufacturers to a further increase there capacities. As will be shown
below this self-reinforcing evolutionary process leads to a diffusion process governed by
Gompertz equation.

Gompertz equation was originally developed in 1825 by a British actuary, Benjamin
Gompertz, to describe the relationship between age and mortality [4]. The cumulative
adoption curve is S-shaped, but unlike logistic models, the Gompertz curve is not symmetric.
The highest rate of adoption occurs when around 37% of all eventual adopters have adopted.



Such diffusion curves were often observed and therefore Gompertz equation was successfully
applied to model the diffusion of consumer durables [5-9].

In the next sections Gompertz diffusion model is derived followed by an application of
the model and a discussion of the results.

2. The Model
With the number of adopters N(?) the market penetration is determined by:

(1

where M is the market potential. Since M is a large number, the density of potential adopter,
n(t) can be considered as a continuous variable.

The market is treated as heterogeneous, i.e. potential consumers are very price
sensitive. The willingness to pay is determined by a reservation price, p. Microeconomic
considerations suggest that the reservation price must be limited by the personal annual
income, r. Therefore we confine our considerations to the relative price:

_p
=0
(2)

where T is the average personal annual income.
We want to assume that most consumers are willing to pay a specific relative price, .
The density of potential adopters is presumed to be normal distributed around u,, given by:

e

)

where we demand that (3) is valid only for, u-u,>0. The pre-factor, 7,4y, 1s the maximum
market penetration and ¢ characterizes the variance of the normal distribution.

The present diffusion model focuses on long time scales. Therefore all potential
consumers with reservation price p, who are willing to pay the market price p(?) purchase the
new product during the time step d¢, as soon as they can afford it. Therefore the evolution of
the adopter density is given by

dn _dn du
dt  du dt
@)

Equation (4) can be solved if u(?) is known.

As discussed above the self-reinforcing process of the evolutionary approach suggests
that the manufactures increase their output, upon a positive feedback by the market and as a
result the market price declines. This effect is known as the law of diminishing returns. Bass



et al. [10] showed that the relative rate of the market price decline dp/p is constant. Assuming
that the relative price is also governed by this relation we assume:

Ldu _
M odt
(%)

where a>0, is the relative price relaxation rate. Since dw/dt #0, we obtain from (4) that a
stationary state, dn/dt=0, can be only obtained if dn/du=0. For t>o, the relative price must
therefore approach u,,, where the adopter density n(x) has its maximum, #,,,,. The integration
of (5) leads to:

p(t) = pee™ +
(6)

with ug=u(t=0).
The the adopters density evolution is determined by:

% =2aKn(t) exp(— 2at)
(7

which is Gompertz differential equation, with the solution
nt)y=n_, exp(— Kefzm)

(®)

where

©)

Hence, the diffusion process described by the present model is governed by Gompertz
equation. First purchase sales are given by

dn
S(t) = E
(10)

while the total sales are determined by, S(z)=Ms(z).



In the present derivation the price decline and the variance of the potential adopter
distribution are two independent parameters. The evolutionary process, however, demand a
link between them. In order to derive this relation we consider an alternative derivation of
Gompertz diffusion model.

Let us assume that the willingness to pay the reservation price p is proportional to the
annual income 7:

p=kr
(11)

where k depends on the new product.

The density of potential adopters is than determined by P(r), the annual income
distribution. Silva and Yakowenko [11] showed that P(r) in the USA has a well-defined two-
class structure. The majority of the population (97%-99%) belongs to the lower class
characterized by an exponential Boltzmann-Gibbs (“thermal”) distribution, whereas the upper
class (1-3% of the population) has a Pareto power-law (“superthermal”) distribution. For
simplicity we want to confine our interest to the majority of the population and neglect the
superthermal part of the distribution function, thus:

P(r)= %exp(—r /T)
(12)

The average personal income is analogous to temperature in statistical physics, given by
T = jdr'r'P(r’)

0
(13)

The density of potential consumers, who can afford the new product have an income, r>p/k.
Thus:

n(u) = % J-dr exp[— %} = exp(— kiTJ

(14) p

We further assume that the willingness to pay is a function of the price k=k(p), and has a
maximum at, p,,. In this case is the function

FU =



(15)

characterized by a minimum at the relative price, u,. Expanding F(i) around p,, up to the
second order we obtain:

2

1
2 du’

d 2
7
(16)

Since F(i) has a minimum at u,, the second term disappears, and d°F/du’>0. Inserting (16)
into (14) the adopter distribution function is equal to (3) if:

d’F 1
du> 20’
(17)
and
anlB.X = e_FO
(18)

where Fy>0. In order to obtain the evolution of the relative price (2), we write

du _ dF(w) _ vy
i~ S u=n,)
(19)

This relation suggests, that F (1) can be interpreted as an economic potential similar to a
thermodynamic potential in statistical physics. The evolution of the market can be considered
as a ball rolling down a bowl formed by the potential as displayed schematically in Fig.1. The
proportionality constant y slows down the dynamics and is considered in statistical physics as
a friction term. Integrating (19) we obtain (6), if:

(20)

This equation suggests that the velocity by which the market approaches its equilibrium is
inversely proportional to the curvature, dZF/duZ, of the economic potential, what can be
expected for a ball rolling down a bowl. However, relation (20) does not correctly reflect the
evolutionary reinforcing relation between demand and supply as suggested in the introduction
to this paper.

Let us consider as an example the case o =0. Equation (3) suggests a pronounced peak
of the adopter density around ,. If manufacturers introduce a new product with a high initial
price, u(t=0)>>p,, since most potential consumers are located around u,, only a small
number of consumers will purchase the new good. The manufactures are not interested in a



fast increase of their production capacities. The approach of the market equilibrium is slowed
down and a should be small, which is in contradiction to (20).

In order to model an evolutionary reinforcing feedback we treat the friction term as a
function of ¢ and expand y(o) in a Taylor series:

7(0'):7/0"'7/10-"'7/20-2"'7/30-3"'

21

where the y-coefficients contain the constant factors of the expansion. The first coefficients yy,
y; and y, must be also zero in the present model, otherwise there is still no reinforcing relation
between supply and demand. The first nonzero term must be proportional to o Equation (20)
turns into:

(22)

This relation suggests that the friction is proportional to the curvature of the economic
potential. Thus the market dynamics is slowed down the smaller the variance of the normal
distribution n(u) and the larger the curvature of the potential. If, on the other hand, n(u) is a
broad distribution, the velocity by which the market approaches its equilibrium is increased,
as can be expected for an evolutionary adjustment process.

3. Application of Gompertz Diffusion Model

In order to simplify the application of the theory we rewrite

H'= //—23

(23)

and scale the relative price to
w=0)=u'+u', =1

(24)

With the scaled relative price the parameter K turns into:

(2]
2a
(25)

Thus the application of the theory requires the estimation of four free parameters: a, i o, Hmax
and M.

The comparison with empirical results is performed by fitting the evolution of the
scaled relative price by the exponential function (6) such that the mean square difference has a
minimum, which allows an estimation of the free parameters a and u’y. The market



penetration is determined by Gompertz equation (8), with n,.,,=n(t=>%). The maximum
penetration is obtained by fitting the empirical data to n,,,,=n(t.), while z, is given in Table 1.
The market potential is determined here by the number of households at maximum
penetration, hence M=M(t.,).

We want to confine our interest to the diffusion of consumer goods in the USA. As a
first example we consider the evolution of Black& White TV sets. Displayed in Figure 2 are
the empirical data of the relative price [12] and market penetration [13]. Fitting the free
parameters as summarized in Table 1 we obtain the solid lines in Fig. 2. The relative price
decline predicts the market penetration with high accuracy. In agreement with the empirical
data Gompertz diffusion model suggests that due to the exponential decrease of the relative
price, the market penetration slows down when approaching its maximum.

A similar case is the diffusion of colour TV sets in the USA, where the market price
p(t) and the market penetration was given [14]. The scaled relative price is obtained by:

[} — p(t)TO
“O= T 0p,
(26)

where we take into account that the annual average income is a time dependent function and
po, Ty are the price and income at t=0. The empirical data of 7(?) are as displayed in Fig.3
[11]. The annual income can be approximated by

T(t)=T,(1+bY
(27)

where ¢ is given in years and b=0.05, T)=4400 US$. As displayed in Fig.3 (solid line) this
equation suggests an average annual increase of the US-income of about 5%. Displayed in
Fig.4 is the relative price of the colour TV-sets. With the fit parameters given in Table 1 the
market penetration can be predicted for more than four decades.

The last example considers the diffusion of video recorders (VCR) in the USA.
Applying (26) to the empirical data we obtain the relative price and market penetration shown
in Fig.5 [15].The author suggested that the VCR-diffusion process is separated into two
phases. The first 1967-1980 is essentially characterized by the competition between two VCR
technologies: VHS and Betamax. We focus here only on the second phase of the diffusion
process after 1980, where both technologies are comparable and the diffusion can be expected
to be governed by the market price. The application of Gompertz diffusion model is shown by
the solid lines in Fig.5. For this period a good coincidence of the market penetration can be
obtained.

First purchase sales can be expected to be given by the growth rate of the adoption
process (10). With the market potential M determined by the number of US-households at 7.,
given in Table 1, the solid lines in Fig.6 indicate that the first purchase sales can be
approximately predicted by Gompertz diffusion model and must be therefore also governed
by the price decrease.



4. Conclusion

The presented diffusion model is based on the idea that a new product market is
heterogeneous, i.e. consumers are very price sensitive. Evolutionary considerations suggest a
positive feedback between supply and demand.

Manufacturers vary the product properties and the price. During the evolutionary
process they produce an excess product variety. The consumers are free to choose and only
those product “species” survive, which exhibits a positive feedback between price decline and
willingness to pay this price.

The maximum of the consumers willingness to pay is an attractor of the market dynamics.
The velocity by which the market approaches its stationary state is proportional to the
broadness of the distribution of potential consumers around this maximum. The time
evolution is determined by an exponential price decline while the adoption process is
governed by Gompertz equation..

The present model takes advantage of concepts common is statistical mechanics.
Remarkable is that the model suggests the existence of an economic potential. The minimum
of the economic potential corresponds to the most probable willingness to pay. The evolution
of the market is determined by a relaxation dynamics governed by the economic potential,
like a ball rolling down a bowl. However, the evolutionary process demand that the friction is
a function of the potential curvature. The stationary state belongs to maximum market
penetration. Although the grow process of the market penetration ceases in the stationary
state, there is still high economic activity, since due to the finite lifetime of the product, the
repurchase process 1is at its maximum.

The present theory requires four free parameters. With an appropriate fit of the price
evolution, the market penetration and the first purchase sales can be determined. The
application of the model to empirical investigations on three consumer durables in the USA
show the relation between price decline and market penetration. Note, that for goods where
the maximum penetration can be expected to be high, (n,,,,~<1, 1’y=1) the number of unknown
parameters can be reduced to the relative price decline a and the number of households M.
This is case for example for colour TV sets. Shown by the dotted line in Fig. 4. the difference
between the empirical and estimated curve is minimal. However, a forecast of a new product
in the introduction phase will be difficult, because the market price fluctuates considerably.

Not considered here is the impact of the presented diffusion process on the supply
side. Note that the product evolution must be accompanied by a co-evolution of the
manufacturers. While in the in the introduction phase the manufacturers are inefficient with
small capacities, the survivors of the evolution process may develop into high-efficient global
players. They evolve from generalists to specialists, similar to species approching an
ecological niche.



Tables

Parameter B&wW TV Color TV VCR

ty 1948 1954 Y, 1980
all/year] 0.18 0.1 0.16
W 0.78 1 0.9
Mmax 0.96 0.975 0.93

M 7.1 10’ 10° 1.1 10°
o 1970 1989 1998

Table 1. Characteristic parameters of the model.
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